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Water waves in a deep square basin
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The form and evolution of three-dimensional standing waves in deep water are
calculated analytically from Zakharov’s equation and computationally from the full
nonlinear boundary value problem. The water is contained in a basin with a square
cross-section, when three-dimensional properties are significant because the natural
frequencies of waves in the two directions perpendicular to pairs of sides are the same.
It is found that non-periodic standing waves commonly follow forms of cyclic
recurrence over long times. The two-dimensional Stokes type of periodic standing
waves (dominated by the fundamental harmonic) are shown to be unstable to three-
dimensional disturbances, but over long times the waves return cyclically close to their
initial state. In contrast, the three-dimensional Stokes type of periodic standing waves
are found to be stable to small disturbances. New two-dimensional periodic standing
waves with amplitude maxima at other than the fundamental harmonic have been
investigated recently (Bryant & Stiassnie 1994). The equivalent three-dimensional
standing waves are described here. The new two-dimensional periodic standing waves,
like the two-dimensional Stokes standing waves, are found to be unstable to three-
dimensional disturbances, and to exhibit cyclic recurrence over long times. Only some
of the new three-dimensional periodic standing waves are found to be stable to small
disturbances.

1. Introduction

Standing waves may be generated at the free surface of deep water contained
between parallel vertical walls. The most important feature is that their spectrum with
respect to the coordinate perpendicular to a pair of walls is discrete, with wavenumbers
which are integral multiples of n/L, where L is the distance between the walls. If the
deep water is contained in a square basin of side L, the wavenumbers in the
longitudinal and transverse directions are both integral multiples of ©/L.

When waves are generated in a rectangular basin by a wavemaker at one end, cross-
waves occur when the frequency of the wavemaker approximates twice one of the
resonance frequencies of the transverse standing wave modes and the amplitude of the
wavemaker exceeds a certain threshold. This is the phenomenon of parametric
resonance, in which energy is transferred from the longitudinal waves to the transverse
cross-waves through nonlinear interactions. Miles (1988) presented a theory for such
cross-waves on the assumption that their amplitude is slowly modulated in time, and
showed how the friction on the walls of the basin could be superimposed on the wave

T See addendum.
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evolution as a slow attenuation. The cross-waves are the result of a three-dimensional
instability of an otherwise two-dimensional wave. In the present investigation, there is
no forcing or friction in order to concentrate on the nonlinear interactions which are
the essential part of the cross-wave evolution. The investigation is confined to standing
waves, and the basin is chosen to be square to maximize the energy transfer between
the longitudinal and transverse waves.

A previous investigation (Bryant & Stiassnie 1994, denoted hereinafter by I)
confined attention to nonlinear standing waves in two dimensions, one horizontal and
one vertical. The stability and long time evolution were calculated for the Stokes type
of standing waves dominated by the first harmonic, and it was shown in particular that
the waves can be unstable to sideband modulations, when they evolve into a form of
cyclic recurrence. New types of standing waves were investigated for which amplitude
maxima occur at harmonics other than the first, under the influence of resonant
interactions between these harmonics and the first harmonic. The new standing waves
were shown to evolve into different forms of cyclic recurrence. Most results in the
investigation were deduced both from Zakharov’s equation and from the fully
nonlinear boundary value problem.

Verma & Keller (1962) used perturbation expansions in an amplitude parameter to
calculate the first nonlinear approximation to three-dimensional standing waves on
water of uniform depth in a rectangular basin. Their linear approximation, in the
notation of §2 below, is a free wave component of the form

acosxcosr lysinwt, (1.1)

where r is the aspect ratio of the rectangle. Okamura (1984) calculated the regions of
instability of two-dimensional standing waves on deep water to both two-dimensional
and three-dimensional disturbances. He extended the calculations subsequently
(Okamura 1985) to three-dimensional standing waves, using the same linear
approximation (1.1) as Verma & Keller (1962). Okamura solved Zakharov’s equation,
which is valid to the third order of nonlinear interaction, to make calculations up to
waves steepnesses of 0.8, compared with wave steepnesses up to 0.15 here. He allowed
the disturbance wavenumbers to vary continuously, rather than to take only values
which are integral multiples of the fundamental wavenumbers of the basin, and did not
include the full range of resonant tertiary interactions that occur when the basin is
square.

Nonlinear three-dimensional standing waves in a square basin are constructed in §2
from two-dimensional free wave components parallel to the sides of the basin rather
than from fully three-dimensional components such as (1.1). The two formulations are
compared in §6, where it is shown that all standing waves constructed from (1.1) in a
square basin may be reformulated in terms of the two-dimensional free wave
components, but that the reverse is not true.

In this paper, the terminology ‘ Stokes type’ refers to waves for which the amplitudes
of spatial harmonics have a ‘Stokes ordering’, i.e. are monotonically decreasing with
order.

2. Nonlinear boundary value problem

The displacement of the water surface is written z = y(x, y, 1) and the water motion
is assumed to be irrotational with the non-dimensional velocity potential ¢(x,y, z, 1),
where x,y are the two horizontal coordinates, z points vertically upwards from the
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mean free surface, and ¢ is time. The non-dimensional equations governing the
irrotational motion of waves on the free surface of deep water are

Vi =0, z<n(x,y,1), 2.1a)

with =g+, b, +1,6,=0 on z=19y(xy1), (2.1b)
bt n+igz ey +6) =0 on z=1(x,y,1), (2.1¢)

and V| —~0, z—>—o0. (2.1d)

Lengths are made non-dimensional above with respect to L/x, so that the standing
wave motion takes place between the vertical planes x =0and x =n,y =0and y = 1.
Times are made non-dimensional with respect to the inverse of the lowest linear
frequency (mg/L)"* so that the dimensionless linear frequency equals unity. The side
conditions are ¢, =0 onx=0and x=mn,and ¢, =0on y=0and y = m.

One of the simplest nonlinear solutions is that for three-dimensional pure standing
waves, that is, standing waves which are periodic in time. They consist of free wave
components such as

@y, COSXCOSZ, ay,,COSYCOSE, a,,C084xC082f, ay,cos4ycos2t, (2.2a)

together with their bound wave components. Their Fourier series expansions (before
truncation) are

ac «Q [e e}
VEDIDY > cosixcosmy(ay,, cosnwt+ b, , sin nwt), (2.2b)
=0 m=0 n=!{+m mod 2

2)1/2

[e e} o«
p=3 S coslxcosmye®™t™ (¢, cosnwt+d,,, sinnwt), (2.2¢)

m=0 n=l+m mod 2

where /+m+n is even, the coefficients a,,,,, b, Cimns @imn are constants, and w(~ 1)
is the nonlinear frequency of the fundamental harmonic. The constraint that /4+m+n
is even arises from the values of these parameters in the free components (2.24), and
is associated with the invariance of  and ¢ when x, y and wt are all changed by =.

Following I, the root mean energy

€= % (J: f: (ng(x, Vs, 1) 2—? + 772) dx dy)l/2 (2.3)

is chosen as the measure of the wave amplitude.
It was described in I, §2.2, how wave components in the expansions (2.2 b, ¢) which
satisfy the linear dispersion relation

n? = ([*+m?)/? (2.4)

can be excited resonantly and have amplitudes much larger than the amplitudes of
other wave components with wavenumbers in their neighbourhood. The properties of
the two-dimensional pure standing waves of this type for which n=1,2,3 were
investigated in I in some detail. The properties of the more general forms of pure
standing waves of this type in three dimensions for which n = 1, 2 are investigated here.

The fixed point method described in I, §3.2, is used to find computationally the
values of the coefficients a,,,, ,, bymn> Cimns dimn Deeded to satisfy the nonlinear boundary
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conditions (2.15, ¢) to a given numerical precision (typically 107%). Also when (2.25,¢)
are rewritten

a;,,(t)cos Ix cosmy, (2.5a)
0

’)7:

M s
3 DM

=0

2) I/ZZ

and b= (2.5b)

;IMB

0
Z () cos Ix cos my et

the time evolution method described in I, § 3.3, computes the evolution of non-periodic
standing waves. Fourier analysis of the fast time variation of the coefficients a,,,, ¢
in (2.54, b), wave period by wave period, enables these expansions to be rewritten

im

e8]} [e9) s ¢}
=3 > 3 coslxcos my(a,,, cosnwt+b,,,, sinnwt), (2.6a)
=0 m=0 n=0
and
& & s 2y1/2 .
p=3 5 3 coslxcosmye® ™% (¢, cosnwt+d,,, sinnwt), (2.6b)
1=0 m=0 n=0
where the coeflicients a,,,,,, b1 Cimns dmn @€ NOW functions of slow time.

3. Zakharov’s equation

Zakharov’s third-order theory (Zakharov 1968) yields an evolution equation in the
horizontal Fourier plane

B

198 f” T®, , , B* B, Byo(k+k, —k,— k) eleroeratdk, dk,dk,, (3.1)

or

where the new dependent variable B(k, () is a free component of the wave field. The
interpretation of this equation is summarized in I, §2.1, and the kernel 7¢%, , , is given
in Stiassnie & Shemer (1984). Note that all cases in the present paper deal with strict
resonance conditions, for which 7'{?, , , has all symmetries mentioned by Krasitskii
(1994), and the Hamiltonian nature of the problem is maintained.

The wave component for an application to standing waves satisfying (2.4), with non-
dimensional wavenumbers

.7, 41, 4j
is written
B(k, 1) = B{#) [0k —1) + 8(k + )] + B(0) [0(k —j) +(k +)]
+ B (1) [0(k —4i) + 0(k +4D)] + By (1) [0(k —4)) + ok +4j)], (3.2)

where i, are the unit vectors in the x, y-directions. (It should be noted that the choice
of free components with wavenumbers i, j differs from the choice used previously, given
in (1.1). The two descriptions are compared in §6.) The dependent variable B(k, t) is
replaced by A(k, ) where

2

B = 5 1/ZAZ A, = a,+im'?b_, 3.3)

a,, is the complex Fourier amplitude of the wave component with wavenumber m, and
b,, 1s the corresponding complex amplitude of the velocity potential on the free surface.
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(Compare [, equation (2.14b) or Stiassnie & Shemer 1984, equations (2.12a,b).)
Substitution of (3.2) into Zakharov’s equation (3.1), ( with the superscript (2) omitted),
yields

.dB

——[( L it 2T D IBE+ AT, ) |B)*] B;

‘J'J J"J

+[2(T 4i i, 4x+ T —-4i,1, 41)|B41|2+2(T 4, i, 4j+ T —4j,1, 4_/) IB4JI2]B
+2T; B! B} (3.4a)

~i,j,—~f i
Evaluation of the coefficients, combined with the substitution (3.3), reduces (3.44) to

A4, 1. —5+4y2

—19454/17
= .2 . -
ar = gt

lA_/iZAI 64

4, |2A,.—T36A;" A2 (3.4b)

The corresponding equation for A; 18

dFA‘l = “%|Aj|2Aj+:_5_'*5'_gi_\/_%IAi|2A1+:£'gT5\/£|A4iI2Aj_%AJ* 42 (3.40)
Similarly,
(4B,
i3 = T ai a0t 2T, at, 01,40 Bad* + 2Tyt g a5+ Tai gy 06— 1Boi*1 By
2T ai,i T it D VBE+ 2T i s+ Tt 0t DV Bu 2T i i BY BZ,,
which reduces to (3.59)
,d:tu = —-4|A4,-|2A4,~+w[A4j|2A4i+i_9;§_ziﬂ]Aj(2A4,_6A* A3, (3.5b)

and the corresponding equation for 4, is

.d4,, 4=5+4+2 —19+5+/17
i = ——4|A4j|2A4j—+-(—7~Q|A4i|2A4j+~—T!—]A,-|2A4j—6A;'}A§,.. (3.50)

4. Standing waves of Stokes type
4.1. Periodic standing waves

The standing waves of Stokes type are dominated by the fundamental harmonics with
wavenumbers 7,j, with the higher harmonics decreasing in magnitude in a Stokes
ordering. The evolution equations (3.45, ¢) for such waves are

dA 1 —5+44/2 3

i 402 4. 24— = A4* 42

i = gl A A A A 2 (4.1a)
dA 1 —5+44/2 3

G = g A g AR A A7 *.15)

Solutions of these equations describing periodic waves are given by

A, = aie—iQH—izﬁi, Aj - aje~i9t+i¢j’
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where a;, a;, $,, ¢;, £2 are real constants, when (4.1a, b) may be rewritten

<Q+%a?—~5‘;—64\/2af +5a ezi(¢f‘¢9> a; =0, (4.20)
(Q +ia _—_5_—{5-21_\/_2(1? +5al ez“‘f”""‘f"i’) a; = 0. (4.2b)

Equations (4.2a,b) admit the well-known two-dimensional Stokes standing wave
solutions (I, equation (2.144a))

=0 Q=-3a, 4.3a)
oscillating end to end in the x-direction, and
a;,=0, Q=-3a, (4.3b)

oscillating end to end in the y-direction. They also admit two families of three-
dimensional Stokes standing wave solutions

45-8v2

a=x=aq, Q= Tai = —0.30077a2, @ = ¢ 43¢
and
_ _ —34+8y2 , . _ T
a=xa, Q= 13 a; =0.07423q;, ¢,= ¢i+2. 4.3d)

The standing waves (4.3 ¢) consist of an oscillation from one corner to the opposite
corner with much less motion in the other two corners, and for the standing waves in
(4.3d) an almost flat crest passes around each of the four sides in turn with an almost
flat trough on the opposite side.

The Fourier series expansion (2.2b,c) for the three-dimensional Stokes standing
wave solutions are calculated by the fixed point method of I, §3.2, to satisfy the fully
nonlinear boundary conditions (2.1, ¢), using the Zakharov solutions (4.3 ¢, d) as first
approximations. The frequency w, expanded as a polynomial in the fundamental
amplitude a,,, over the range 0 < ¢ < 0.15 (using the NAG least-squares Chebyshev
polynomial approximation subroutine E02ADF), is found to have the leading terms

= 1.0000000—0.30077a2,, + ... 44a)
for the first family, and the leading terms
w = 1.0000000+0.07421a3,,+ ... (4.4b)

for the second family. These are consistent with (4.3¢) and (4.3d), which gives
confidence in the results because the two derivations are independent.

4.2. Analytical solution of the evolution equations
When the complex amplitudes in (4.14, b) are replaced by the real variables

=14 r,=I4 ry=A,AF+A*4, r,= (4;4f — A 4)/i, 4.5

it may be shown that

3 -
Fio = 163y Tor = —16"37y (4.6a, b)

25+8+/2 17—-8+4/2
Tae =7 112\/ (ri—ry)ry r4t=_—mﬁ-("1_r2)r3’ (4.6¢, d)
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where the ¢-subscript now denotes the derivative. It follows from (4.64, b) that

rtr, =0, 4.7a)
from (4.64,¢) and (4.7 a) that
2(254+8+/2
r§=_ ( 21 vV )(rf_Q1r1)+Q2, (4.76)

and from (4.6a,d) and (4.7 a) that

a=-20V 6040, (470

where Q,, Q,, Q, are constants. The sum of (4.75) and (4.7 ¢), using (4.5) and (4.7a), is
ri4ri=Adrir,=4rr,+Q,+Q,,

from which Q, = —Q,. Equation (4.64) can then be rewritten

. _(Q5+8v(T-8vD)[_, 20, \[_uip,_ 210,
"= 3136 { ’1+Q1’1+2(25+8v2)}{ ntoin 2(17—8\/2)}’

4.8)

where Q,, O, are constants determined by the initial conditions in (4.7 a, b).
Equation (4.8) is rewritten

i = CO{CI—(rl_%Ql)z} {Cz'—(rl“%QJz}, 4.9)
where

_(25+8+/2)(17—8+/2) 210, 210,
B 3136 ’ 2(254+8+/2)° 2(17-8+/2)°

If Q, > 0, it can be seen that C; > C,, when the substitution u = (r, — Q,/2)/(C,)"'*
yields

Co Cz = %Q%-

Cl = %Q?"’

_ 1 * du . G,
TG00, =@ a—mayE " TE)
u=sn((C,C)Y+F),
ry =141 =30, +(Cy)"*sn((C, C)*1+ F), |
ry= lAj‘z = %Ql - (C2)1/2 sn ((Co Cl)l/z I+ E))aJ

where u = u, at t =0, and

t

(4.10)

= Feinu)m) = | o

If Q,<0, then C, < C,, and the roles of C, and C, are reversed in the above
calculations. Figure 1 shows graphs of the right-hand side of (4.9) for the three cases,
from the top,

@) Q=0 C,=C,=10% (i)) Q,+0, C,C,+0, (i) Q,+0, C,C,=0,

in which the constant Q, is a measure of the total energy and is therefore kept the same
for all three curves. The first case is discussed in §4.4, the second case below, and the
third case in §4.3.

Phase-plane arguments indicate that the middle curve in figure 1 describes a periodic
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S(ry)

&t

FIGURE 1. The phase-plane diagram for (4.9), r, = flr,), at constant Q,, for three values of Q,.
HQ,=0,C =C,=30% (i) Q,+0,C,C,+0; (i) 0, %0, C,C,=0.

solution for r; between the points A and C, because %, = f(r,) > 0 in this interval.
These are the two points for which one of the bracketed quadratics in (4.8) and (4.9)
is zero, which is equivalent to one of (4.7b) and (4.7 ¢) being zero. The solution of (4.9)
applicable to the middle curve is stated in (4.10). Also, if

A=Al 4, =|4]e
it may be deduced from (4.14, b) that

30,
32r,°

3
i =§Q1+3—2Qr—22. (4.11)

O, = %Ql +

The fully nonlinear time evolution of a particular example is calculated and
compared with the results above, as a check on their validity. The example chosen is
a two-dimensional standing wave in the x-direction, (4.3a), with ¢ = 0.1, on which is
superimposed at ¢ = 0 a two-dimensional standing wave in the y-direction, (4.3 b), with
e = 0.01, at an initial phase difference of n/4. The expansions (2.5a, b) are truncated
so that they contain all wavenumbers (/, m) such that /+m < 5 with the exception of
(0,0). This gives a system of 40 coefficients a,,,, ¢;,,, whose evolution is calculated (I,
§3.3) with a local error tolerance of 1071*. A Fourier analysis of the fast time variation
of the coefficients produces the expansions (2.6a, b) in which the coeflicients have slow
time variation.

The fully nonlinear solutions for 4,4, a,,, which are the same as r}/* = |4/,
ry® = |4} respectively in the Zakharov model, are compared in figure 2(a, b) with the
corresponding solutions in (4.10) when 4, = 0.1, 4, = 0.0l expin/4 at ¢ = 0. The solid
curve is the fully nonlinear solution over 5000 wave periods, and the crosses at intervals
of 50 wave periods are derived from (4.10). The agreement is excellent, even though the
numerical calculations leading to the solid curves in figure 2(a, b) are independent of
the analytical calculations of the crosses in these figures. The excellent agreement gives
confidence in the applicability of the Zakharov model to standing waves at the small
but finite amplitude of the example, despite the neglect in the model of nonlinear
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FIGURE 2. A comparison of the fully nonlinear solution for the amplitude of the first harmonic in (a)
the x-direction and () the y-direction, drawn as solid curves, with the same amplitude calculated
from the Zakharov model, shown as crosses. The initial condition consists of the two-dimensional
standing wave of amplitude 0.1 in the x-direction at a phase difference of n/4 with a standing wave
of amplitude 0.01 in the y-direction.

resonant interactions of higher than tertiary order. Figure 2(a,b) also provides an
excellent illustration of a nonlinear periodic interchange of energy between two
dominant modes of oscillation, which in this case are the standing waves parallel to
each pair of walls of the square cross-section of the basin.

4.3. Stability of the three-dimensional Stokes standing waves

The two families of three-dimensional periodic standing waves of Stokes type are given
by (4.3¢) and (4.3d). Both families satisfy (4.9) with r,, = 0 so that the squares of their
moduli lie at the point B of the lowest curve in figure 1. If a small perturbation is
applied to the standing waves, their motion is governed by (4.9) with r,, & 0. The curve
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describing the right-hand side of (4.9) is then obtained approximately by slightly
raising the lowest curve of figure 1, since motion requires r2, > 0, which must therefore
have two roots in the neighbourhood of B. The motion described by the curve remains
in the neighbourhood of B and the standing waves are therefore stable.

The fully nonlinear time evolution of an example from each family was calculated
as a check on the validity of their stability. The examples chosen were both for root-
mean energy ¢ = 0.1, integrated over 2000 wave periods, using the same program as
that for figure 2. Neither example showed any instability.

4.4. Three-dimensional instability of two-dimensional Stokes standing waves

The two families, of two-dimensional periodic standing waves of Stokes type are
described by (4.3a) and (4.35). Both families satisfy (4.9) with r,, = 0, and the squares
of their moduli lie at the points D, O respectively of the highest curve in figure 1. If a
small three-dimensional perturbation is applied to the standing waves, so that r, > 0,
their motion is governed by (4.9) with r;, &= 0. The curve describing the right-hand side
of (4.9) is then obtained approximately by slightly lowering the highest curve of figure
1 since, from (4.7 @), r, lies in the range 0 < r, < Q, when r, > 0, and r, = Q, at the
point D.

When the highest curve in figure 1 is slightly lowered, a three-dimensional
perturbation of the Stokes standing wave (4.3a) is described initially by a point for
which r,, > 0, r,, < 0, (4.7a), near but before D. The point moves along the curve with
r, decreasing, r,, < 0, r?, > 0, until it reaches the zero of r,, near O. This behaviour is
linearly unstable because r, moves away from the neighbourhood of D, but r, returns
cyclically to the neighbourhood of D. The solution is described analytically by (4.10)
with the appropriate initial conditions.

The fully nonlinear time evolution of a particular example was calculated and
compared with the results above, as a check on their validity. The example chosen is
a two-dimensional Stokes standing wave in the x-direction, (4.3 a), with ¢ = 0.1, which
is disturbed at ¢ = 0 by a two-dimensional standing wave in the y-direction, (4.3 5), with
¢ = 0.0001, at an initial phase difference of n/4. The calculation was made with the
same number of harmonics and to the same precision as that described in §4.2.

The fully nonlinear solutions for a,,, a,,,, Which are the same as r{/* = |4}, ry/* = |4)|
respectively in the Zakharov model, are compared in figure 3(a,b) with the
corresponding solutions in (4.10) when 4, = 0.1, 4, = 0.0001expin/4 at = 0. The
solid curves are the fully nonlinear solutions over 5000 wave periods, and the crosses
at intervals of 50 wave periods are derived from (4.10). The agreement is excellent for
the first 2000 wave periods, and the subsequent divergence occurs when one of the two
components of the first harmonic is close to zero (~ 107%), although this divergence
leaves the form of the evolution correct. The divergence does not occur in figure 2(a, b),
suggesting that some higher-order resonant interactions neglected in the Zakharov
model become significant when one of the two components of the first harmonic is
close to zero. The figure provides further illustration of the nonlinear periodic
interchange of energy between two dominant modes of oscillation.

The exponential growth of |4} over the first 600 wave periods of figure 3 (b), while |4,
remains almost constant in figure 3(a), illustrates the linear instability of the two-
dimensional standing wave to the three-dimensional disturbance. The subsequent
nonlinear modification of the unstable growth is modelled well by the solution to (4.9)
corresponding to a slight lowering of the upper curve in figure 1. Equation (4.9) for the
upper curve is

3= Cori(Q,—ry)?
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FIGURE 3. A comparison of the fully nonlinear solution for the amplitude of the first harmonic in (a)
the x-direction and (b) the y-direction, drawn as solid curves, with the same amplitude calculated
from the Zakharov model, shown as crosses. The initial condition consists of the two-dimensional
standing wave of amplitude 0.1 in the x-direction disturbed by a standing wave of amplitude 0.0001
in the y-direction at a phase difference of n/4.

which with (4.74) has the solution

o eXp(—-C(l)/ZQlt) Iy g
0, d+exp(—C20,0)° Q, S+exp(—Ci*Q,1)

where Q, = 0.1, 8 = 1078, The curves followed by the first 1800 wave periods of figure
3(a,b) are the square roots of these equations. The subsequent cyclic recurrence
exhibited in figure 3(a, b) is described by the more accurate nonlinear representation in
the solution (4.10) of equation (4.9).
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5. Standing waves with resonating first and fourth harmonics
5.1. Periodic standing waves

The new standing waves with resonating first and fourth harmonics are dominated by
the fundamental and fourth harmonics at wavenumbers i, j, 4i, 4j, with the remaining
harmonics decreasing in magnitude in a Stokes ordering. The evolution equations
(3.4b6,¢) and (3.5b,¢) for such waves in the Zakharov model are

.dA; —5+442 —194+5417
1'd—t'=“%|Ai{2Ai+___—56\/ IAjlei+ - 64_\/__|A4j|2Ai-1_36A;kAj2’ (5.1a)
.d4; —544+2 —19+5+/17
1d—tf = —§|Aj|2A,+—%L|A,.12A,.+_—64-‘/—|A4,.\2Aj—%A; A2, (5.1b)
.dA4,; 4(—5+4+/2 —19+5417
1—874 =—4 'A4i,2A4;‘+_(~7——\—/—)'A4j'2A4i+*§\/‘,AJI2A41'_6A;A§J"
(5.1¢)
and
.dAy; 4(—-5+4+2 —19+5+17
1d—;j = “4lA4j|2A4j+—(__7_x—)|A4i|2A4j‘+“’—?2“\/‘|Ai|2 A4j_6AZ;'Aii-

(5.1d)
Solutions of these equations describing periodic waves are given by

— —iQt+ig; — —10t+ig; _ —21Qt+igy; — —2iQt+ig,;
A; = ae i, Aj = a;e i, Ay =a,e W, Ay =ag e 4,

where a;, a;, a,;, ay; by Gpp Puin Pyy» 2 are real constants. Equations (5.1a-d) may be
rewritten

—_ P —_ /

(Q+%a?— 5;‘ \/2af— 191;:v 17aij+%afe2i‘¢r¢f>)a,-= 0, (524

. - ~19 7 ‘
(252 -2 g g e} =0, 520

4( — — .
(204022 g =D s ettt fa, =0, (520)

and

4( — — .

(29 +4az,-—( 51;4\/2)01_ 19;—25\/17‘1? +6a§iem¢4,~—¢w>a4j=0, (5.24)

Equations (5.2a—d) admit the two-dimensional standing wave solutions (I, equation
(2.15)

G=ay;=0, a,/a;=%} Q=—3za, (5.3a)
oscillating end to end in the x-direction, and
a,- = a4i = O, a4j/aj = i%a Q = _%ajza (5‘3b)

oscillating end to end in the y-direction.

For the above two-dimensional solutions, Zakharov’s equation does not provide
information about the phases (see §2.4 in I for more details).

They also admit four distinct types of three-dimensional standing wave solutions. It
will be shown that the first type. the fully three-dimensional standing waves, are
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linearly stable to three-dimensional disturbances. The other three types have at least
one component of the first or fourth harmonics missing and are either shown or
expected to be linearly unstable to disturbances containing the missing component.

The solutions for the first type of three-dimensional standing wave, in which the first
and fourth harmonics have both x- and y-components present, are

Pt g G B=vY/TH(=19+5v17)/321]
W TR 2 T 16(3—4/2)/7T+(—19454/17)/32+6°

'j i
C [3=v2, 3\, —194517 ,
2= ( 14 i16)""+ 6

(5.4a)

where the + sign in the equation for € is in the same order as the numerator of the
previous equation. There are four combinations of the signs in (5.44) resulting from
four combinations of the phase differences, but only two of these have solutions in

which the amplitudes are real, namely
(1) ¢j = ¢, ¢4j = ¢y

2
a@=a, @ =a, f’aiz =0.067392, 24 -0259600, Q=—0.299069a% (5.4b)

(i) ¢; = ¢;£3m, Py= Putin

2
Ay Qyi

5 = 0.042142, o= 0.205285, € =0.07529347. (5.4¢)

i i

af = a?, aij = a3,
Solutions of the fully nonlinear problem have been found which correspond to the first
Zakharov solution (5.4b) and possibly to the second solution (5.4c). Equations
(5.2a-d) place no constraint on the phase differences between the first and fourth
harmonics in the above Zakharov solutions.

Fourier series expansions (2.2b, ¢) for the above three-dimensional standing waves
were sought by the fixed point method of 1, § 3.2, to satisfy the fully nonlinear boundary
conditions (2.15,c), starting from the Zakharov solutions (5.4b,¢) as first approxi-
mations. The simplest waves of this type are those in (i) above for which both
components of the first and fourth harmonics have the same phase. Their frequencies,
expanded as polynomials in the fundamental amplitude a,,, over the range 0 < e < 0.1
(using the NAG subroutine E02ADF), are found to have the leading terms

w = 1.0000000—0.299068a3,, + ..., (5.44)
and their fourth harmonics have the leading term
Agp = 0.259604a,,+ ... . (5.4¢)

The excellent agreement between (5.4b) and (5.4d, e) gives confidence in the results
because the two derivations are independent. (Equivalent standing wave solutions in
which the amplitude ratio in (5.44) is negative, corresponding to a phase difference of
7, have been found to have the same excellent agreement with the Zakharov solutions.)

Three fully nonlinear families of standing waves have been found which correspond
partially to those described in (ii) above. The phases in the fully nonlinear standing
waves are, in the first family,

$;=0, ¢ = M By =T, by = i,

¢, =0, ¢j =M, ¢y =T, ¢4j = im,

in the second family,
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and in the third family,

$; =0, ¢j:%n5 Poi = — 1T, ¢4j:_%7t'

(The phase ¢, is set equal to zero and the phase difference ¢;— ¢, is chosen to be positive
in each family.) It is noted that the phase differences between the x- and y-components
of the first and fourth harmonics are all ir, in agreement with (5.4 ¢). The frequency of
the first of these standing waves, expanded as a polynomial in the fundamental
amplitude a,,, over a range near ¢ = 0.05 (with the phase chosen as above so that b,,;
is zero), is found to have the leading terms

o = 1.00000+0.0718a%,,+ ..., (541)

in reasonable agreement with (5.4¢). The x-component of its fourth harmonic has the
leading term
(@at+02.)"=0.112a,4, + ..., (549

which does not agree with (5.4¢). It is not known why the fully nonlinear standing wave
solutions for these three families are not completely consistent with the Zakharov
solutions.

At the smallest values of ¢, the fixed point method converges strongly towards
solutions for the amplitudes of three-dimensional standing waves of this type, but fails
to converge towards reproducible solutions for the corresponding phases. This is not
a problem in the standing waves described by (5.44, b) because the phase differences
there are all fixed at 0 or =. It indicates that the phases of the fourth-harmonic
components relative to the first-harmonic components are determined at a higher order
of interaction than the corresponding amplitudes.

In the second type of three-dimensional standing waves, one component of each of
the first and fourth harmonics is missing. Either the first harmonic is in the x-direction
and the fourth harmonic is in the y-direction, or vice versa. Their solutions are

@ 1145417 119495 /17
G=au=0 = T055v17 T TH0095 s vIn

(5.5a)
Y= 10.272369, Q=—0.123127a2

oS

or the same with i and j interchanged. Equations (5.2a-d) place no constraint on the
phase difference between the fourth harmonic and the first harmonic in the above
standing wave solutions. The only solutions of this type which have been found by the
fully nonlinear calculations have phase differences 0 and © between the fourth and first
harmonics, corresponding to the + signs respectively in (5.54).

The Fourier series expansions (2.25, ¢) for these three-dimensional standing waves
are calculated by the fixed point method of 1, §3.2, to satisfy the fully nonlinear
boundary conditions (2.1b,¢), using the Zakharov solution (5.54) as a first
approximation. The frequency w for the three-dimensional standing waves, expanded
as polynomials in the fundamental amplitude a,,, over the range 0 < ¢ < 0.1 is found
to have the leading terms

w = 1.0000000—0.123130a%,, + ..., (5.5h)
and the fourth harmonic has the leading term

Ayyg = 0.27236%a,,, + ... . (5.5¢0)
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The excellent agreement between (5.5a) and (5.5b, ¢) gives confidence in the results
because the two derivations are independent.

In the third type of three-dimensional standing waves, one component of the first
harmonic is missing. The first harmonic is either in the x-direction or in the y-direction,
and the fourth harmonic has both components. The Zakharov solutions with real
amplitudes are

a;=0, a/a}=0044067, aja?=0012992, Q=—0.124672a%, (5.6)

or the same with i and j interchanged. The fully nonlinear calculations, using the
Zakharov solution (5.6) as a first approximation, converged to other fully nonlinear
solutions in the neighbourhood of (5.6), particularly that corresponding to (5.34), but
failed to converge to a fully nonlinear solution that could be identified with (5.6).

In the fourth type of three-dimensional standing waves, one component of the fourth
harmonic is missing. The first harmonic has both components and the fourth harmonic
is either in the x-direction or in the y-direction. Their solutions are

a

2
a,; =0, a/aj=0.922812, ai; = 0.155249, ©Q =-0.287203a%, (5.7

or the same with 7 and j interchanged. The fully nonlinear calculations, using the
Zakharov solution (5.7) as a first approximation, converged to other fully nonlinear
solutions in the neighbourhood of (5.7), particularly that corresponding to (4.3 ¢c), but
failed to converge to a fully nonlinear solution that could be identified with (5.7).
5.2. Non-periodic solutions of the evolution equations

When the complex amplitudes in (5.1 a-d) are replaced by the real variables
n=A47 =47 r,=A,AF+AF A, = (4,47 A A)/i, 1 (5.80)
. .8a

rs =A% re= (A4j|2a v, = A4iAZ}+A:1kiA4j’ Fg = (A4iA:1l}“AIiA4j)/lsJ

from which

ri4ri=Adrr, ritri=drr, (5.80)
it may be shown that

i =15ty le Ty = —1efyla (59a,b)

254842 —19+54/17
rat=——112—(r1—r2)r4——T—(r5—r6)r4, (590)

17—8+/2 —194-5+/17
o = _T(rl—r2)r3+—64——(r5——r6) Ty (5.94)
Fop = OF Ty, Fo =—6r, 1y, (59¢,f)

2(254+8+/2 —19+5417
r7t=—(—,7"ﬁ(r5—rs)ra———3?—\'{_(rl_r2)re> (59g)

2(17—8+/2 —19+54/17
Fog = — q 7 \/““)(rs_re)r7+——*—32\/ (ry—re)ra (5.9h)

where the t-subscript denotes the derivative.
It follows from (5.94, b) that
rt+r,=0, (5.10a)
and from (5.9e,f) that
Fot+rg=Q,, (5.10b)
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where Q,, Q, are constants. No analytical solutions of the full set of equations (5.9)
have been found, but numerical solutions (using the NAG variable-order variable step
backward differentiation integrator DO2EBF) may be calculated without difficulty.

The evolution equations can be solved analytically when the first harmonic remains
in the x-direction, or in other words,

4(H=0
for all ¢, satisfying (5.15) and its derivatives. This means that
rp=ry=r, =0
r= Ql

in (5.10a), showing that the first harmonic has a constant amplitude. Equations
(5.9g, h), with substitutions from (5.9¢,f) and (5.105), integrate to

in (5.8a) and

2(25+8+/2 —19+54/17

p=2BEIVD 0, r) - TPV 0 4, (5.11a)
2(17—8+/2 —19+5417

=223V, 0, r+ =V 0 g, (5.110)

in which @, is a constant of integration. Equation (5.9¢) can then be rewritten

. 162548y (17=8v2)( , (. T(—19+5/17) 210,
ot = 49 ( r5+(Q2 64(25+81/2) Ql)’5+2(25+8v2))

) 7(=19+5+/17) 210,
x(_'5+(Q2+ 64(17—81/2) Ql>’5“2(17—8v2))’ (.11¢)

where Q,, Q,, Q, are constants determined by the initial conditions, through (5.10a),
(5.104) and (5.11a).

The phase-plane diagram for (5.11c¢) is of similar form to figure 1 except that the
expressions containing Q, cause a loss of symmetry of the quartic curves about the
centre B. Equation (5.11¢), like (4.9), has solutions in terms of elliptic functions, but
unlike (4.9) the solutions are not expressible in simple form because of the lack of
symmetry of the quartic curves. The symmetry-breaking expressions containing Q, are
an essential part of the equation because they originate from the resonant interaction
between the fourth harmonic and the underlying first harmonic.

A solution of (5.11¢) is developed for a particular example, that of the evolution of
the SA two-dimensional standing wave of I with ¢ = 0.1 when a transverse standing
wave with wavenumber 4 of amplitude 0.01 is superposed on it. The initial phase
difference between the waves is set at m/4. The dominant harmonics of the SA wave are
the first harmonic of amplitude 0.097043 and the fourth harmonic of amplitude
0.023452, both being in the x-direction with the same phase, which is set equal to zero.
In the notation of (5.1 a-d), the initial conditions are

4;=0.097043, A4,=0, 4,=0.023452, 4,=0.01 e/, (5.12a)
which in (5.8 a) become
rs =0.023452%, r,=0.0001, r,=—r,=0.00023452+/2. (5.12b)

[

The constants in (5.11¢) are therefore
0, =0.009417, Q,=0.000650, Q,=6.95x107", (5.12¢)
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FIGURE 4. A comparison of the fully nonlinear solution for the amplitude of the fourth harmonic in
(a) the x-direction and (b) the y-direction, drawn as solid curves, with the same amplitude calculated
from the Zakharov model, shown as crosses. The initial condition consists of the two-dimensional
standing wave SA with ¢ = 0.1 in the x-direction at a phase difference of /4 with a fourth-harmonic
standing wave of amplitude 0.01 in the y-direction.

and the roots r, of the quartic polynomial in (5.11¢) are
o, ==3%x10"% a,=14x10"° = 0.00372,1

(5.12d)
a, = 0.000 607 = 0.0246%, o, = 0.000929. |

The first and third roots arise from (5.114) and the second and fourth roots from
(5.11b). The solution of (5.11¢) lies between the roots a,, «, where the quartic
polynomial is positive. The solution for |4,] = r}/® is drawn as crosses at intervals of
20 periods in figure 4(a), and the solution for |4,] = ri/* as crosses at intervals of 20

periods in figure 4(b).



82 P. J. Bryant and M. Stiassnie

The fully nonlinear time evolution of this example is calculated as a check on the
validity of the above results. The expansions (2.5a, b) are truncated so that they contain
all wavenumbers (/, m) such that /+m < 9 with the exception of (0,0). This gives a
system of 108 amplitudes q,,,, ¢;,,, Whose evolution is calculated (I, §3.3) with a local
error tolerance of 107!*. The fully nonlinear solution for (&3, + b%.,)"/%, which is the
same as ri'? in the Zakharov model, is compared with it in figure 4 (a), where the solid
curve is the fully nonlinear solution. A similar comparison is made between the fully
nonlinear solution for (aZ,,+b%,,)"* and r}'® in figure 4(b).

Although the initial agreement in both figures is excellent, the fully nonlinear
solution diverges from the Zakharov solution after about 100 wave periods. The two
solutions have the same form at later times but they differ in the locations of the
amplitude maxima and minima. The difference appears to be due to approximations
in the Zakharov model. Although the deduction from (5.154) that there are standing
wave solutions for which A(f) =0 for all ¢ is confirmed by the fully nonlinear
calculations, the associated deduction from (5.104) that {4(/)| remains constant is not
confirmed by the fully nonlinear calculations. The quantity Q, is a measure of the
energy of the first harmonic, and instead of remaining constant it is found to vary in
slow time by about 1% in the fully nonlinear calculation. The quantity Q, is a measure
of the total energy of the two components of the fourth harmonic, and in order that
the total energy of the system remains constant it is found to vary in slow time by about
15 % in the fully nonlinear calculation. With Q, and Q, constant in a local sense only,
it 1s not surprising that the Zakharov solutions of (5.11¢) agree only locally in form
with the fully nonlinear solutions. The variation over long times of Q, and Q, is
probably due to higher-order resonant interactions neglected in the Zakharov model.

5.3. Stability of the three-dimensional periodic standing waves

There are four distinct types of new three-dimensional periodic standing waves with
resonating first and fourth harmonics, given by (5.4a-¢), (5.5a), (5.6) and (5.7). Only
the first type is fully three-dimensional with both the x- and y-components of the first
and fourth harmonics present. The other three types have at least one of these
components missing.

In the first type, both components of the first and fourth harmonics are not only
present but the amplitudes in each of the pairs of components are equal (5.4q). It was
shown (§4.3) for the Stokes type of standing waves that when both components of the
first harmonic are present and equal in a periodic standing wave, the wave is stable to
disturbances containing these components. This property is also true here, and was
tested by calculating the fully nonlinear time evolution of perturbed examples of this
first type at small to moderate root-mean energies e = 0.05, 0.1, 0.15. Each was
iritegrated over 2000 wave periods, using the same program as that for figure 4(a, b),
and none showed any instability. The typical time evolution consists of a slow time
oscillation in antiphase of the two components of the first harmonic, and a slow time
oscillation in antiphase, at a different frequency from the first harmonic, of the two
components of the fourth harmonic.

In the second type, only the first harmonic is in the x-direction and the fourth
harmonic is in the y-direction, or vice versa. It was shown (§4.4) for the Stokes type
of standing waves that when one component in three dimensions of the first harmonic
is missing from a periodic standing wave, the wave is linearly unstable to disturbances
containing the missing component, although it returns cyclically near to the initial
conditions. It can be expected therefore that the second type of new three-dimensional
periodic standing waves (5.54) is linearly unstable to three-dimensional disturbances
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containing the missing components of the first or the fourth harmonics, with the
possibility of cyclic recurrence.

These properties were tested with a particular example, that of the evolution of the
new three-dimensional wave of the second type (5.54) with ¢ = 0.1 when the only
disturbance imposed on it is the numerical error in its calculation. The dominant
harmonics of the wave are the x-component of the first harmonic with an amplitude
0.0965 and the y-component of the fourth harmonic with an amplitude 0.0261, both
with the same phase, which is set equal to zero. The fourth harmonic has a small x-
component due to the quartic interaction of the first harmonic with itself. In the
notation of (5.1a-d), the initial conditions are

4,=0.0965 A,=00, A,=-00001, A,=0.026l, (5.13)

which in (5.84) become initial conditions for r,...,r;. The fully nonlinear time
evolution of this example is similar to that illustrated in figure 4(a, b) reversed, that is,
the x-component of the fourth harmonic follows an evolution similar to figure 4 (b) and
the y-component of the fourth harmonic similar to figure 4 (a). The y-component of the
first harmonic remains zero for all time in the fully nonlinear time evolution, which
means that the Zakharov solution is given by (5.11¢). It is found to diverge from the
fully nonlinear solution to the same extent as is illustrated in figure 4(a, b) and for the
same probable reasons. These calculations show that the new three-dimensional wave
of the second type (5.5a) with ¢ = 0.1 is linearly unstable, with the instability in the
present example arising only in the fourth harmonic. It does not occur in the first
harmonic in this example because the y-component of the first harmonic is exactly zero
initially, and the instability is never seeded. Cyclic recurrence occurs in this example,
with the time evolution returning close to the initial conditions.

By allowing the disturbance to arise from numerical error in the example above, no
opportunity was given for instability to occur in the first harmonic. For this reason, a
more general example was tested, that of the evolution of the new three-dimensional
wave of the second type (5.54) with ¢ =0.1 when it is seeded with a periodic
disturbance in the y-component of the first harmonic of amplitude 0.0001. The initial
phase difference between the two components is set at /4. In the notation of (5.1 a—d),
the initial conditions are

A;= 00965, A;=0.0001e™, A, =-00001, A,=00261, (5.14q)

which in (5.8a) become initial conditions for r,,...,r,. The set of equations (5.9) is
solved numerically, and the solutions for

4] = r", IA,'I =r% Ayl =n", |4yl = rg'® (5.14b)

are drawn as crosses at intervals of 20 periods in figure 5(a—d) respectively.

The fully nonlinear time evolution of this example was calculated as a check on the
validity of the above results, using the same program as that described for figure 4(a, b).
The fully nonlinear solutions for

(a%(ll + b%()l)l/zﬁ (agll + bgl 1)1/2’ (a:fOZ + bi()2)1/2’ (a(2]42 + b(2)4'2)1/Z

are drawn as solid curves in figure 5(a—d) respectively.

Although the initial agreement in the figures is excellent, the fully nonlinear
solution diverges from the Zakharov solution in the first harmonic after about 1100
wave periods and in the fourth harmonic after about 100 wave periods. The divergence
appears to be due to approximations in the Zakharov model. If figures 2(a, b) and
3(a, b) are compared with figure 4(a, b), it can be seen that the agreement between the
fully nonlinear evolution and the Zakharov evolution persists over much longer times
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FIGURE 5(a,b). For caption see facing page.

when it occurs predominantly in the first harmonic rather than in the fourth harmonic.
It is interesting that this property is still true in figure 5(a—d) when the evolution occurs
simultaneously in both the first and fourth harmonics, which indicates that the
nonlinear interactions between the first and fourth harmonics are much weaker than
the nonlinear interactions between the components of either of the harmonics. Figure
5(a—d) confirms that the new three-dimensional wave of the second type (5.5a) with
e = 0.1 is linearly unstable to disturbances containing any of the missing components
of the first and fourth harmonics.

The new three-dimensional wave of the second type (5.5a) with e = 0.05 is also
linearly unstable, and exhibits cyclic recurrence over a much longer time than that in
figures 4 or 5, while the wave of this type with ¢ = 0.15 exhibits cyclic recurrence over
a much shorter time than that in figures 4 or 5. Solutions for the new three-dimensional
wave of the third type (5.6) and the fourth type (5.7) failed to converge and cannot
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FIGURE 5. (a, b) A comparison of the fully nonlinear solution for the amplitude of the first harmonic
in (a) the x-direction and (b) the y-direction, drawn as solid curves, with the same amplitude
calculated from the Zakharov model, shown as crosses. (¢, d) A comparison of the fully nonlinear
solution for the amplitude of the fourth harmonic in (¢) the x-direction and (d) the y-direction, drawn
as solid curves, with the same amplitude calculated from the Zakharov model, shown as crosses. In
all cases, the initial condition consists of the new three-dimensional standing wave at ¢ = 0.1 with the
first harmonic in the x-direction at a phase difference of n/4 with a first harmonic of amplitude 0.0001
in the y-direction.

therefore be tested for stability. The failure to converge, and the behaviour of the
second type above, together suggest that these waves are unstable also.

5.4, Three-dimensional instability of the two-dimensional standing waves

The two families of two-dimensional periodic standing waves with resonating first and
fourth harmonics are described by (5.3a) and (5.3b). A wave solution in the first family
satisfies (5.11¢) with r,, = 0, with a value of r, which lies at a point in the phase-plane
diagram equivalent to D on the highest curve in figure 1. If a small three-dimensional



86 P. J. Bryant and M. Stiassnie

perturbation is applied to the fourth harmonic of such a wave, so that ry > 0, the
motion is governed by (5.11¢) with r,, + 0. The curve describing the right-hand side of
(5.11¢) is then obtained approximately by slightly lowering the highest curve in the
phase-plane diagram similar to figure 1. For the reasons described in §4.4, the
evolution of the perturbed standing wave (5.3q) is described by a point which moves
along the curve with r, decreasing, r,, < 0, r, > 0, until it reaches the zero of r,, near
O. This behaviour is linearly unstable with r, returning cyclically to the neighbourhood
of its initial point.

The fully nonlinear time evolution of a particular example was calculated and
compared with the results above, as a check on their validity. The example chosen was
a two-dimensional standing wave in the x-direction, (4.34), with ¢ = 0.1, which is
disturbed at t = 0 by a two-dimensional standing wave in the y-direction, (4.35), with
¢ = 0.0001, at an initial phase difference of n/4. The calculation was made with the
same number of harmonics and to the same precision as that described in §5.2. The
initial behaviour of the two components of the fourth harmonic is similar to that
illustrated in figure 3(a, b), with the x-component remaining almost constant for the
first 200 wave periods while the y-component grows exponentially. The two
components then enter into an approximate form of cyclic recurrence, with divergence
between the fully nonlinear and Zakharov solutions similar to that shown in figure
4(a, b).

6. Alternative formulation for three-dimensional standing waves

The three-dimensional standing waves described in §§ 25 consist of two-dimensional
free wave components in the x- and y-directions (such as (2.24)) together with their
three-dimensional bound wave components. The three-dimensional standing waves
developed in previous investigations (see (1.1)) have free components in a square basin
such as

a,,, cos xcos ycos 21, a,,,cosdxcos4ycos 2% (6.1a)

together with their bound components. The two formulations are compared here. It is
noted that

@y,, €08 XCOS ycos 2Y4 = a—lzllcos (x+yp)cos 2ty +a—12‘lcos (x—y)cos2¥4, (6.1b)

which means that the three-dimensional standing wave component of amplitude a,,,
and unit wavenumber in both the x- and y-directions is the sum of two two-
dimensional waves each of amplitude a,,,/2 and wavenumber /2 in two orthogonal
directions. The three-dimensional wave oscillates in the square basin 0 < x < m,
0 <y < m, while the two two-dimensional waves are placed more naturally in the
square basin 0 < x—y < m, 0 < x+yp < =, with slope parameters 1/4/2 that of the
single wave. Equation (6.15) shows that the standing waves (4.3¢) and (5.45) may be
reformulated in terms of three-dimensional free wave components such as (6.1a)
because the phases of the two two-dimensional standing waves in these solutions are
the same, but that all other three-dimensional standing wave solutions in §§4 and 5
need the formulation used in those sections.

The formulation based on two-dimensional free wave components such as (2.24) is
appropriate for a square basin because the frequencies of two-dimensional standing
waves parallel to the two pairs of walls are the same. It would also be appropriate for
rectangular basins in which the ratios of the lengths of the sides are 4, 9, ..., because the
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ratios of the frequencies of two-dimensional standing waves parallel to the two pairs
of walls are then integers. The fully nonlinear and Zakharov theories using the free
wave components (6.1 a) are described now for a square basin to confirm the Zakharov
theory in §3, and because this approach is necessary for general rectangular basins.

The Fourier series expansions (before truncation) based on the free wave components
(6.1a) are

o

=> X > cosixcosmy(ay,,, coshwt+b,,, , sinnwt), (6.2a)

=1m=I{mod 2 n=lmod2

o~

and

[e9)

e e8]
p=Y 3 > coslxcosmy e"2+"‘2’1/22(clmn cos hwt+d,,,, sinnwt), (6.2b)

=0 m=imod 2 n=Imod 2

where /, m, n are either all even or all odd, the coeflicients a,,,,,, b;m1> Cimns Fimn L€

imn
constants, and w(~ 2'%) is the nonlinear frequency of the fundamental harmonic.
Zakharov’s equation (3.1) for standing waves with free components having non-
dimensional wavenumbers
titj, *4it4,
has the wave component

B(k,t) = B,,(O)[8(k—i—j)+ok+i—j)+o(k—i+j)+dk+i+))]
+ B, (D) [0(k—4i—4j)+ S(k+4i—4j)+ d(k—4i+47)+0(k+4i+4))], (6.3a)

where i, j are the unit vectors in the x, y-directions. The dependent variables B,(?),
B,,(t) are replaced by 4,,(r), 4,,(¢) where
Bfl 8 % 21/4A%1’ 4, = ai+j"+'i21/4 bi+j’
(6.3b)

2

BL 8 x 25/4Ai4’ Ay = a4i+4j+i25/4 b4i+4j’

a,, is the complex Fourier amplitude of the wave component with wavenumber m, and
b,, is the corresponding complex amplitude of the velocity potential on the free surface.
(Compare (3.3) or I, equation (2.145).) Substitution of (6.3a) into Zakharov’s equation

(3.1) (with the superscript (2) omitted), yields

dB
11
[ i+, i+j, i+j, I+j+2]:+_] —i—j, i+, —t—j+2T+j i~f, i+, i—j
2
+2]—;+j —i+j, i+], —t+j+2T+j —i—j, i—j, H-_]]‘Bll‘ Bll
+[2 i+f, di+4j, i+], 4x+4j+2T+j —4i—4j, i+j, —4i— 4j+2T+j 4i—4j, i+j, 4i—4
+2T+j —4i+4j, i+j, 4l+4_]]{B44i Bll’ (64(1)
dB
: 4 _
df - [2T4i+4j, i+, 4it4j, i+j+2]—;1i+4j, —i—j, 4i+4j, —i~j

2
+ 2Ei+4j, i—j, 4i+4, i—j+ 27;i+4j, ~i+f, 4i+4j, —l'+j] IBlll B44
T ir4j. aivaj, aivaj, aivaj+ 2 Taivaj, —aiaj, aivaj, —ai-aj 2 Taivaj, ai-aj, aivaj, 2i-aj

J1B,4|?B,,. (6.4b)

+2]:11+4j —4i+4j, 4i+4/, —4l+4_]+2]—;l+4_] —4i—4j, 4i—4j, —4i+4j.
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Evaluation of the coefficients, combined with the substitutions (6.3 ), reduces (6.4 a, b)
to

d4 45—8+/2 —19454/17

it = ____224\/ 2Y41 4,4y, +*——128v 2V Ay Ay, (6.54)
_ 17 ) 45—-8+/2

id(/il;m _ 192: Vv 1/ |A11|2A44——7\/—21/4 AP A, (6.59)

Standing waves of Stokes type dominated by the first harmonic are given by (6.54)
with
Ay =a e I A, =0,

where a,, ¢,, £ are real constants, with the solution

Q= —4_5;%321% = —0.150385 x 21%a2. (6.6)

This frequency correction agrees with Verma & Keller (1962), equation (36), and with
Okamura (1985), equations (2.8), (2.9). When it is rewritten as

Q 45—8v2( a, )2

AT T 112 \Vv2

it is the same as (4.3 ¢), allowing for the rescaling of the frequency correction £ and the
slope parameter a,.

Standing waves of the new type dominated by the first and fourth harmonics are
given by (6.5a, b) with

k)

— —iQt+1 — —2iQt+ig
A, =ae o A, =ae 1,

where a,,a,, ¢,, ¢,, 2 are real constants, with the solution

%

Q = —0.149535 x 2442, = 0.259600. (6.7)

1

This is the same as (5.45) after allowing for rescaling.

First integrals of the evolution equations (6.54a, b) show that the moduli |4,,], |4,,]
and the rates of change of the arguments of A4,,, 4,, are all constant. This is a
consequence of the absence of any resonant interaction causing the transfer of energy
between the first and fourth harmonics to the tertiary order. The absence of energy
transfer suggests that the standing waves are stable to other periodic disturbances also.
The fully nonlinear evolution over 2000 wave periods was calculated with a small
disturbance applied at wavenumber 1 in the x-direction; it was found that the three-
dimensional waves of the Stokes type and of the new type both remained stable.

7. Discussion

The smallest possible frequency for standing waves in a square basin of side L is
(gk)'* rad s71, according to the linear theory, where k = nL. Linear theory predicts
that there is an infinite number of standing wave solutions with this frequency.
Nonlinear (or exact) theory shows that there are only a few stable standing wave
solutions with constant frequencies near (gk)"/? rad s™'. The free wave components of
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the stable standing wave solutions we have found, (4.3¢, d) and (5.4b), rewritten in
dimensional form with ¢, = 0, are

7 = acoskxcoswt+acoskycos a)t,‘l

(7.1a)
w = (ghk)"2 (1 —0.30077k%a%); |

9 = acoskxcoswt+acoskysinwt, ‘[

(7.1b)
o = (gk)V2(1 —0.07423k%a®); J

7 = acoskxcoswtFacoskycoswt +0.25960 (acos 4kx cos 2wt + acos 4ky cos 2wt)}

o = (gk)"*(1 —0.29907k%a?).
(7.1¢)

The solution (5.4¢) is not included here because of inconsistencies with the fully
nonlinear solution (5.4f, g). As far as we are aware, only (7.1a) has been described
previously, rewritten in a formulation based on free wave components such as (6.1 a).

For the three-dimensional standing waves when the slope parameter is 0.1, Okamura
(1985, §3) concludes that three-dimensional disturbances applied to the wave given by
(7.1a) above are unstable only on the resonance curves. His figure 2(a) shows no
integer points on the curves, which is consistent with the stable behaviour in our
nonlinear time evolution calculations of this wave.

All two-dimensional standing wave solutions are unstable to transverse disturbances,
when cross-waves are initiated spontaneously in practice to grow to become
comparable in magnitude with the initial standing waves. The energy transfer between
the original waves and the cross-waves then reverses until the original waves return
close to their initial state, and the cycle is repeated. This is the phenomenon of cyclic
recurrence.

All three stable waves, given by (7.1a—) are of equivalent ‘importance’ and one
would expect to detect them in an appropriate experimental setting.

The overall very good agreement between the results obtained from the Zakharov
equation and the full numerical solution is a clear refutation of the claim by Pierce &
Knobloch (1994) that the Zakharov equation needs to be corrected when applied to
standing waves.

M.S. acknowledges the support by the Fund for the Promotion of Research at the
Technion.

Addendum

My dear friend, Dr Peter Bryant, died suddenly of heart failure on November 25
1994, a few days after completing this paper. Peter Bryant was a mathematician who
devoted his career to the study of water waves; a natural choice for a New Zealander,
who grew up and lived near the ocean. His scientific works are published in leading
international journals, a dozen of them in the Journal of Fluid Mechanics. I have had
the privilege to collaborate with Peter during my recent sabbatical at the University of
Canterbury and had been looking forward to his planned visit to Israel in April 1995.
His early departure is a great loss, not only to his loving family and friends, but also
to the international scientific community. M.S.
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